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Slow slumping of a very viscousliquid bridge
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Abstract. A layer of very viscous liquid (e.g. tar, molten glass) spans a chasm between two vertical walls. The
slow fall or dump of this initialy-rectangular liquid bridge is analysed. A semi-analytical solution is obtained
for the initial motion, for arbitrary thickness/width ratios. The formal limits of large and small thickness/width
ratios are also investigated. For example, the centre section of a thin bridge of liquid of density p and viscosity
, with width 2w and thickness 2k < 2w falls under gravity g at an initial velocity pgw?/(32uh?). A finite
element technique is then employed to determine the lumping motion at later times, confirming in passing the
semi-analytical prediction of theinitial slumping velocity.
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1. Introduction

There are applications (e.g. in the optical industry for molten glass [1]) where a very viscous
liquid is allowed to ‘slump’ under gravity. The motion is very slow, e.g. with atime scale of
hours, and the boundary geometry of the liquid mass departs by only a small (though crucial
to the application) amount from its original configuration during the motion. For example,
modern multifocal spectacle lenses, with varying curvature, are sometimes produced by such
slumping processes. Working temperatures are typically in the range of 500-750°C, for which
the corresponding molten glassviscositiesare of the order of 10— 10° Pa.s([2]). Incidentally,
precise determination of the magnitude of such high viscosities presents practical difficulties
([3,4], [5, p-43]), and in addition to being relevant to theindustrial processitself, the slumping
rates predicted here, when compared with experimental results, may prove useful for viscosity
measurement.

We consider here avery simple two-dimensional specia case of such a slumping motion.
The pre-moving (perhaps pre-melting) liquid massis considered to be arectangular (2w x 2h)
strip across the gap between two vertical rigid walls, asin Figure1(a). Attime ¢ = 0, the mass
becomesa very viscous Newtonian liquid of viscosity ., which then slumpsin Stokes flow to
aconfiguration asin Figure 1(b), while being retarded with no dlip at the walls.

We ignore the effect of surface tension, i.e. we assume that the surface-tension coefficient
o for the fluids of interest is sufficiently small. A typical value for molten glass ([2, p. 24]) is
o ~ 0-3Nm~1. More precisely, neglect of surface tension is justified if the capillary number
pUJo islarge, where U is atypical slumping velocity. Since we shall find that in the present
problem U scales as pgw?/, this capillary number scales as pgw?/o. For bridge dimensions
w Of the order of 10cm or more, this yields adequately large values of capillary number, of
the order of 10°.
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Figure 1. A dumping liquid bridge: (a) initialy rec- Figure 2. Initial slumping velocity —wv, scaled with
tangular shape; (b) shape at a later time, when the respect to the thin-bridge limit V' = pgw*/(32uh?),
bridge has slumped about one thickness. as a function of aspect ratio h/w. Solid curve is the

velocity at the bridge centroid, dashed curve is the
velocity at the free surface in the centre.

L et usassumethat the upp er and lower free surfacesof the slumpingmassarey = n4(x, t),
respectively. Our task is to find these free surfaces as functions of time ¢, but because of the
creeping nature of the flow, time plays only a parametric role. Theinitial rectangular domain
has n4 (x,0) = +h. Asthe bridge slumps, its contact with the walls z = +w remains fixed
aong —h < y < hfor al time; we assume that thereis no slip down the walls, and the contact
points at the corners z = +w, y = +h do not move. Ultimately, some form of rupture must
occur, but thisis not considered in the present paper.

The assumption of Stokes flow, in which the inertia terms in the Navier—Stokes equations
can be neglected, is justified by the huge viscosities of interest, leading to very low effective
Reynolds numbers. This assumption also means that the flow appears to start not from rest,
but rather with a non-zero initial velocity distribution. In practice, when the flow does start
from rest, there is a transient situation occurring over a time scale comparable to that for
development of a Stokes layer (cf. [6, p. 189]), in which layers of fluid distant w from an
impulsively moved wall accelerate up to close to the wall velocity in a time of the order of
pw?/u. With the very large values of i of interest here, this time is utterly negligible (e.g.
milliseconds) relative to the slumping time (e.g. hours), and we can therefore assume that the
initial velocity profileis developed instantaneously, in particular, before thereis any departure
of the free surface from its initial rectangular configuration. Determination of this initial
impulsively-developed flow at time ¢ = 0, isone of our primary aimsin the present study.
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The Stokes-flow assumption means that the full two-dimensional problem at all timesis
described by a stream function ¢ satisfying the biharmonic equation

Vi =0 N

in the flow region |z| < w, 71— <y <n;, wherethefluid velocity is (u,v) = (¢y, —1;). On
the vertical walls, we must have zero velocity, so

Yy =1y, =0 on z=tw. ()]

The boundaries y = 7. are free surfaces of zero stress, both normal and tangential.
Formulas for the normal and tangential stresses are given by Wehausen and Laitone [7,
p. 453]. In general, these are quite complicated expressions involving second derivatives of
the stream function ¢, the pressure p, and the slopes ' = 9n. /0z of the free surfaces.
Namely for the normal stress we have

T/)a;y(l — 77,2) B (Q/)zz - Q/)yy)nl =0

—p—2p 1112 ©)
and for the tangential stress

Lz =)L —ng@) T+ 4 @
The pressure p must be obtained by integrating the Stokes equations ([6, p. 217]),

Pz = 1V, (5)
and

Py = —pg — BVt (6)

Attheinitial instant ¢ = 0., before sensibleslumping has occurred, and while the geometry
of the bridge remains rectangular with ' = 0, the normal stress condition (3) simplifiesto

—-pP— ZUT/)a:y =0 )
and the tangential stress condition (4) to
¢xa: - ¢yy = 0. (8)

Equation (7) can be differentiated tangentialy (i.e. with respect to z at the initial instant) and
(5) then used to eliminate the pressure, yielding

z/)yyy + 3¢azazy =0. (9)

However, as we shall see, it is important in some parts of the solution process to retain the
undifferentiated form of the normal-stress condition.

Gravity g istheforcing agent for thisflow, and entersthe problem viathe y-component (6)
of the Stokes equation, adding a hydrostatic term —pgy to the pressure p. Thistermislostin
the differentiation of (7) to give (9), which is why we must use (7) itself at least once in the
solution process. It is appropriate at this point to note that slumping could be induced not only
by actual gravity, but also by an imposed pressure difference P between top and bottom free
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surfaces, c.f. [8]. For example, at the initial instant ¢ = 0., if the zero value for the normal
stressisreplaced by T,, = F+P/2 ony = +h, it is easy to show that we get the same result
by replacing actual gravity g by apparent gravity g + P/(2ph), and retaining a zero normal
stress condition. Although this equivalence no longer holds at later times, we shall from now
on assume that the only forcing influenceis dueto (real or apparent) gravity.

Our task inthegeneral time-dependent caseisto solve (1) subject to the boundary conditions
(2) onthewalls, and (3, 4) on the free surfaces. Thefinal boundary condition, ultimately allow-
ing determination of the shapes of these free surfaces, is the kinematic condition

o+ on+
5 + 1y O + 1, =0. (10)
Before discussing this time-dependent problem, we first solve for the initial impulsively-
developed motion at t = 04, when the free surfaces are still essentially horizontal. Because
of the rectangular geometry, this boundary-value problem is quite suitable for numerical
methods such as finite differences, and that technique has indeed been used (with successive
over-relaxation [9]) on some test cases, giving results in agreement with those to be described
below. However, the present problem is very similar to elastic beam and plate problems, and
a somewhat more efficient route to numerical results is via an eigenfunction expansion of a
type very similar to those used in that field ([10, p. 35 ff.]).

2. Initial motion

We represent the stream function in the form of the series:

32K
pg

P = %xS + 223y% — 3wy + 24h%zy?
+Agw*z + Bowz(%:v3 + zy%)

sinh(k;z/h)

503" . . Y sink.: sin(k. 2T/
+wR Y C; {cosk] cos(kjy/h) + - sink; sin(k;y/h) Sh(h /)

J=1

, (11)

where A and By are non-dimensional real constants to be determined, and C; = A; +iB;,
j =212 ..., isaninfinite set of non-dimensional complex constants to be determined. The
eigenvalues k; in (11) are solutions of the transcendental equation

sin2k = 2k, (12)
which (see[11]) hasinfinitely many complex roots k& = k;, the first three of which are

k1 = 3-7488 + i 1-3843,

k2 = 6-9500 + i 1-6761,

k3 = 10-1193 + i 1-8584.

The expansion (11) has the following justification and motivation. All terms have the
required symmetries about z = 0 and y = 0, and satisfy the biharmonic equation (1) and
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Figure 3. Same as Figure2, except velocities scaled Figure 4. Variation acrossthe bridge of theinitial free-
with respect to the (Poiseuille) thick-bridgelimit V' = surface slumping velocity (also proportiona to the
pgw? (2p). initial free-surface deformation) at h/w = 0-2.

the free-surface conditions (8, 9). The quintic polynomial on the first line is such that, on
integrating (6) to provide the corresponding pressure field, we have

—p = by = Z5y(7 — ) (13)

everywhere, which is independent of z, and vanisheson y = +h. Thus this part of (11) by
itself satisfies the normal-stress condition in the undifferentiated form (7). This justifies the
factor 32h21/( pg) multiplying + in (11), since none of the other termsin (11) contribute to
the normal stresson y = +h.

The two terms on the second line of (11) represent, respectively, avertical uniform stream
of magnitude proportional to the unknown coefficient Ag and aflow with a parabolic velocity
profile of maximum velocity proportional to the unknown coefficient By. In any case, these
terms generate zero normal and tangential stresses on any horizontal boundary.

Finally, theseriesonthethirdlineof (11) isasum of aninfinite set of biharmonic eigenfunc-
tions (see [12]), each of which separately satisfiesthe free-surface conditions (8, 9) providing
that the eigenvalues k; satisfy (12). None of the terms in the representation (11) satisfy the
wall conditions (2). The terms in the series part of this representation can be considered as
‘wall-correction’ terms, since they are significant only when the ratio of hyperbolic sinesis
closeto unity, and thus decay exponentialy away from thewalls z = +w.

All we have to do to complete solution of the problem is to choose the unknown real
coefficients {A;, B;}, j = 0,1,2,..., in order to satisfy the two wall conditions (2) at
x = Fw. If we truncate the series after IV terms, and collocate these two wall conditions at
N + 1valuesof y, thisleadsto 2N + 2 linear equationsin 2N + 2unknowns{A4;, B;}, j =
0,1,2,..., N. The corresponding matrix is easy to write down and invert.

A typical output, shown in Figure 2 plotted against the aspect ratio 4 /w, is the downward
slumping velocity —v = 1,,, measured either at the centroid (z, y) = (0, 0) of theliquid mass
(solid curve), or at the corresponding point on the free surface (z,y) = (0, £h) immediately
above or below the centroid (dashed curve). The velocity at the free surfaceis generally about
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5to 10 percent lower than the velocity at the centroid. The scalefor these slumping velocities
ischosenin Figure 2 as
pgw*

V= 3202 (14
which isthe small-£ limit, to be discussed further bel ow. These results were obtained with N
taking values up to 80, by which time the value of v had converged to at least 3 significant
figures.

When scaled with respect toitsthin-bridgelimit V' asabove, the slumping vel ocity increases
rapidly with thickness. When h/w is large, the slumping velocity becomes asymptotically
independent of thickness, and it is preferable to remove / from the vel ocity scale. Figure3 re-
plots the data of Figure2 with ascalefactor V = pgw?/(2u), and indicates that the re-scaled
slumping velocity is a decreasing function of 4/w which tendsto 1 as h/w — oo, aresult
which is also discussed below.

Figure 4 shows (for the representative value h/w = 0-2) the variation v(z, £h)/V across
the bridge of the free-surface slumping velocity. This is an important output since the small-
time integration of the kinematic boundary condition (8) predictsthat the shape of the deform-
ing surfaceisinitially given by y = ny+ = +h + tv(z, £h). Note that this curve is somewhat
bell-shaped, with significantly greater velocities near the centre of the bridge than near the
walls (more so than would be the case for a parabolic profile), and with afinal rapid decrease
toward zero occurring in the last 5 percent of the distance from the wall.

This last effect can be explained by a corner-flow analysis (c.f. [13]). Suppose we take
(r,0) to be temporary local polar co-ordinates centered on (z,y) = (—w, —h), where the
lower free boundary corresponds to # = 0. The conditions of zero tangential and normal
stress, equivalent to (7) and (8) then become

1 1
Yrr — —thr — _2¢00 =0 (15)
T r
and
3 4 1
Bibrro — =tro + %o — %009 = 0, (16)
s /s /s
respectively, on § = 0. An elementary biharmonic function satisfying these conditionsis
=1 F(0), (17)
where
F(0) = A |cos\d — A cos(A — 2)8| + B[SiINA@ — sin(\ — 2)4]. (18)

A—2
Nontrivial solutionsfor F'(6) that alsoobey (2),i.e. F(n/2) = F'(n/2) = 0, must haveeigen-
values )\ that satisfy
Sn(Ar/2) = £(A —1). (19)

There is one real solution for each choice of sign in (19); for the velocity to be finite at the
corner, the plus sign is chosen, and the corresponding root is A ~ 1-5946.

Sincethe vertical velocity v is proportional to the z-derivative of 4, andr ~ = + w onthe
free surface at the corner x = —w, we have thus shown that the free-surface value of v tends
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to zero like (1 — |z|/w)®%%% as z — + w, and its z-derivative becomes infinite. This mild
singularity at the corners eventually slows convergence of both the eigenfunction expansion
method and other numerical techniques such as finite difference or finite elements, but not
catastrophically.

3. Limiting and extended resultsfor thin and thick bridges

It is clear from the numerical results that in the thin-layer limit 4 /w — 0, the coefficients C;
inthe series part of the representation (11) tend to zero quite rapidly. Theseterms measure end
effectsnear thewalls. Their smallnessfor thin bridgesisanalogousto St.-Venant'sprinciplein
solid mechanics ([10, p. 33]), in the sense that in that limit, the details of the end attachments
are not important, so long as certain gross measures are preserved.

In the present case, this leads to a simple heuristic asymptotic approximation, in which,
having neglected the series portion of (11), we force the remaining terms to satisfy the wall
conditions (2) to a first approximation in (small) y. In this way, we find immediately that
Ao = 1and By = —2, so that the limiting solution is just

2 2
32h ;Uf¢ _ %3754—11)437 - %w2$3 (20)
pg
to leading order. This represents a unidirectional flow with velocity profile
2 2
v=—V (1—”;—2) : (21)
w

where V' is given by (14), confirming that V' is the limiting central slumping velocity, and
indicating a ‘ parabolic-squared’ bell-shaped velocity profile across the bridge. Our numerical
results, suchasthoseillustrated in Figure 4, confirm this profile as an outer expansion matching
to a small ‘edge layer’ near the walls where the corner singularity discussed above plays a
role.

The above is only a very ad hoc derivation of a thin-bridge result of some generality,
analogous to thin-plate theory [14] in solid mechanics. In the Appendix, we provide an
aternative derivation of a more general three-dimensional result, via a forma asymptotic
expansion in powers of the small parameter 4 /w. The conclusion is that the leading-order
approximation (for al |y| < k) to theinitia vertical (upward) velocity v of athin sheet whose
boundaries areinitially planesy = +h satisfies the partial differential equation

4 3pg

Vi = W
in the (x, z) plane. Thisis the same equation that describes deflection of a uniformly loaded
thin elastic plate, provided v is re-interpreted as the deflection, and the viscosity 1 is replaced
by E/(4(1 — v?)), where E is Young's modulus and v is Poisson’s ratio (see aso [4]).
Equations describing movement of thin but non-planar viscous sheets are given in [8].

For fixed wallsin theform of vertical cylinderswith contour C' inthe (z, z)-plane, Equation
(22) must be solved subject to the boundary conditionsv = v,, = 0. If we specialize back to
the two-dimensional case where C' isz = +w, thisyields (21) immediately, so verifying the
ad hoc derivation via (20).

One of the valuablefeatures of the thin-bridge limit isthat it enables consideration of some
more general geometries and physical assumptions. An exampleis the ability to solve (22) in

= constant (22
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the three-dimensional case where C' is acircle of radius w, for which we find that the centre
velocity is 3/8ths of that for a 2D channel of the same width.

A significant difference also results if the ends are less strongly fixed on the contour C.
For example, we can retain the condition v = O of zero tangential velocity, but replace the
condition v,, = 0 of zero normal velocity by a condition v,,,, = 0 involving a double normal
derivative, which can be shown to be equivalent in the thin-layer limit to vanishing of the
stress component normal to C'. When thisis applied to the 2D case, we get

() (5 2). -

Thus, when we allow flow normal to the walls at zero stress, the resulting centerline sag
velocity isinitially five times as great as that when normal flow is prevented.

Itisalso possibleto do a‘thick-layer’ asymptotic approximationfor 4 >> w. Again, only an
ad hoc summary is attempted here. Namely, it appears that the flow approaches that of plane
Poisedille flow down the channel, with zero dynamic-pressure gradient. That is, the bridge
fallsasif it had no top or bottom free surface, driven solely by the hydrostatic pressure. That
Poiseuille solution

2
_ __pgw 27,2
=~ (1—2z°/w) (24)
has a parabolic profile with a centre slumping velocity V' = pgw?/(2u), thus confirming
the numerical results as in Figure3, in the large h/w limit. Thus, as the aspect ratio varies
fromh/w = 0to h/w = oo, the Slumping profile across the bridge changes smoothly from
parabolic-squared to parabalic.

4. Finite-element solutions

Theabove problem, bothinitsinitial rectangular phaseat ¢ = 0., and especially at later times
when there are non-trivial free surfacesy = n.(x,t), is very suitable for application of the
finite-element technique. We have used a package called Fastflo ([ 15, 16]), aswell asour own
purpose-written finite-element program.

In setting up the problem for solution by finite elements, we feel that there is no particular
advantage to be gained by using a streamfunction formulation, and retain primitive variables
(u, v, p). The Stokes equations (5, 6) and the continuity equation

ug + vy =0, (25)

are combined as one matrix-vector operator equation. Our own program solves this fully-
coupled system of equations directly for the three unknowns. However, within the Fastflo
package, we use a ‘penalty-method’ approximation, in which the right-hand side of (25)
is replaced by —p/a, « being a large penalty factor [17]. This enables the pressure to be
‘eliminated’ from the equations and a new lower-order vector equation obtained in terms of
velocity only. Once the velocity field has been determined, it can then be used if necessary to
compute the pressure field, but we will not need to do this here.

Next, the (fully-coupled or penalty) problem is re-phrased in the standard variational
manner, whereby the field equation, multiplied by an appropriate test function, is integrated
over the flow domain, and Green’stheorem used to replace termsinvolving second derivatives
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Table 1. Slumping velocity at centroid

# elements Fully- Pendty  #elements Fully- Penalty
(1/4 domain) coupled (Fastflo) (1/4domain) coupled (Fastflo)

154 1.673 1.668 164 5-395 5-391
243 1.674 1.672 252 5-396 5-391
337 1.674 1.673 342 5-396 5-388
426 1.674 1.673 436 5-397 5-396
511 1.674 1.672 536 5-397 5-396
608 1.674 1.674 634 5-398 5-396
707 1.674 1.674 728 5-398 5.397
910 5-398 5-396

1102 5-398 5-397

1288 5-398 5-398

1482 5-398

of velocities with terms involving first derivatives, plus boundary-integral terms. The latter
are suitable for implementing the zero-stress boundary conditions on the free surfaces, while
the test function is chosen to be zero on other boundaries having Dirichlet conditions, so that
the net effect isto eliminate all boundary-integral contributions.

The flow domain was meshed with 6-node triangular elements by means of the Fastflo
automatic mesh generator. When applying the penalty method which involves the velocity
variables only, we used quadratic test functions, piecewise continuous between elements. For
the solution of thefully-coupled problem whichinvolves pressureaswell asvel ocity variables,
piecewise continuous linear test functions were used for the pressure, while quadratic test
functions were used for the two velocity components. At the initial instant of time, though
not subsequently, we are able to use symmetry to confine the computations to a quarter of
the rectangle. For later times, thereis only symmetry about the y-axis and we must solve the
equations over a haf of the flow domain. We used double-precision arithmetic and, where
relevant, a penalty parameter « of the order of 10* was found to be adequate.

Considering first the initial solution in a rectangular domain, we have two independent
finite-element solutions plus the solution of the eigenfunction expansion (11) which can
be compared. For the two finite-element solutions, we have investigated convergence with
respect to grid fineness for aspect ratios h/w = 0-2 and h/w = 0-5, using symmetry to
restrict computation to a quarter of the rectangle, and varying the total number of triangular
mesh elements between 150 and 1500. In view of the corner singularity, there is value in
concentrating grid triangles near the corner, which can be done with appropriate input to
the automatic grid generator, and in fact this is especially important when using the penalty
method.

Thecentroid slumping velocitiesfor the fully-coupled and penalty finite-element problems,
for various numbers of mesh elements, with concentration at the corner, are givenin Table 1.
These clearly show convergence to at least three figures of accuracy, this accuracy being
aready attained with only afew hundred mesh elements. By contrast, when a uniform mesh
was used in solving the fully-coupled system, more than 2000 mesh elements were required
for similar accuracy, and the accuracy dropped even more markedly where a uniform mesh
was used in conjunction with elimination of pressure by the penalty method.
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Figure 5. Slumped bridge with h/w = 0-2 at time ¢t = 5-0h/V’, when the slumping velocity is at about its
minimum value.

Theresults given in Table1 also agree to at least three figures with the solutions given by
80 or more terms of the eigenfunction expansion (11). For example, truncation of (11) to 80
terms gives centroid vertical velocitiesof —1-675for h/w = 0-2, and —5-400for h/w = 0-5.
In particular, we were able via the finite-element procedure to reproduce Figure 2 to well
within plotting accuracy.

Since the eigenfunction expansion method gives good results with minimal computer-time
expenditure, it is perhaps a preferable technique for the initial flow in arectangular domain.
However, the main reason for use of the finite-element technique is to extend it to the true
slumping flow at finite times, where the domain is no longer rectangular. We have done this,
using the penalty method within the Fastflo package. We chose to use Fastflo rather than
our own fully-coupled program, because although Fastflo has slower convergence with mesh
fineness (see Table 1), its overall efficiency is better in terms of total computer time used.

As explained in Section 1, we determine the evolution of the bridge shape in time by first
solving the Stokes and continuity equations for the velocity field, which can then be used
in the kinematic boundary condition (10) to compute the new free surfaces y = 1y (z, ).
However, instead of explicit integration of (10), in order to incorporate automatic remeshing
within the time-stepping process, we have chosen to use an equivalent method of solving

dz/dt = u (26)

at each mesh node for the new node coordinates z = (z,y), where & = (u, v) is the known
velocity at the node. We use a fourth-order Runge—Kutta method to solve Equation (26) and
then move the (material) nodes to their new positions, to give a new meshed geometry, on
which the whole procedure may be repeated.

Figure 5 shows the slumped bridge (and the evolving triangular grid with corner concen-
trations) for h/w = 0-2 at t = 5-:0n/V, with V' given by (14). For clarity, a mesh of only
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248 elements was used, which isin any case quite adequate for graphical accuracy. Actually,
Figure 1(b), which was used earlier for illustrative purposes, is a so taken from such a compu-
tation, at the earlier time ¢ = 2.0h/V . Both of these figures confirm, especially on the upper
free surface, the behaviour suggested by the initial velocity profiles of Figure 4, with a near
‘quadratic-squared’ shapein the middle parts of the bridge, coupled with arapid return to the
original attachment point near the corner. The upper surface thus possessesfully four inflexion
points, being concave upward near the centre and also near both walls, but concave downward
in the intermediate regions. Such multiple changes in curvature would be undesirable if this
type of slumping flow were to be used in optical manufacturing applications.

Figure 6 shows the slumping velocity (at the point which starts as the centroid of the
rectangle), as a function of time, for h/w = 0-2. Theinitial valueis —v/V = 1.674, asin
Table 1. However, for ¢ > 0, the slumping vel ocity decreasesrapidly with time at first, reaching
aminimum value of about 37 percent of theinitial velocity at ¢tV /2h = 2-5 when the amount
of slump equals a little over two bridge thicknesses, before increasing again, as the central
portions of the bridge begin to lose touch with the walls, and enter a state of flow which will
eventually culminatein freefall. Thistype of behaviour isqualitatively typical of that for other
aspect ratios. However, when the aspect ratio falls below 0-2, we see a larger decrease in the
slumping velocity occurring over alonger time, with the bridge slumping considerably more
than three bridge thicknesses before the vel ocity begins to increase again. For example, with
h/w = 0-1 the velocity drops to 13 percent of itsinitial value at tV//2h = 15, at which time
the bridge has slumped nearly four thicknesses. Conversely, when the aspect ratio increases
above 0-2, there is a smaller decrease in velocity occurring over a shorter time period, and
the bridge slumps a smaller distance in this time. For h/w = 0-5 the velocity decreases to
73 percent of its original value by ¢tV /2h = 0-24 before increasing again, at which time the
bridge has slumped just one thickness.

The final free-fal state will eventually violate the assumption of neglect of inertia, but
so long as inertia remains neglected, the velocity (and acceleration) will appear to approach
infinity at somefinitetime ¢ = ¢ =~ pu/(pgw) (unpublished estimate by the present authors,
c.f. [18, p. 67]). We make no attempt to approach that time in the present computations. All
accelerations we compute here are formally very small compared to gravity g, but in this
approachto free fall, they will become comparableto g at timesjust lessthan the critical time
t = t¢, and inertia would have to be re-introduced into the problem in order to complete the
solution for times close to and greater than ¢

Figure 7 shows the time taken to slump one bridge thickness 2k as a function of aspect
ratio. Since the time scale used for this plot is 2h/V, a unit value would correspond to fall
at the constant speed V', which isthe initial rate of fall of very thin bridges with small 4 /w.
However, for such thin bridges, even though the initial velocity iscloseto V, we find atime
some 50 percent larger than 2h/V', since (as in Figure 6) there is aready a significant drop
in slumping velocity during a Slump of one bridge thickness. On the other hand, at larger
h/w values, the time to slump one bridge thickness becomes significantly less than 2h/V,
since the slumping velocity then significantly exceeds V', not just initially (see Figure 2), but
also at al later times. In fact, for very thick bridges, the time to slump one bridge thickness
approaches2h/V ash/w becomes|arge, corresponding to the flow approaching the Poiseuille
thick-bridge limit with centroid slumping velocity V.
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Figure 6. Slumping velocity as afunction of time, for Figure 7. Time to ssump one bridge thickness, as a
h/w =02 function of aspect ratio.

A. Appendix. Formal thin-bridge asymptotic expansion

In this Appendix, we treat afully three-dimensional version of the initial slumping problem.
The bridge still liesin |y| < h where h is small compared to alength scale w measured in the
horizontal (z, z) plane. We expand for small y, which is in effect an expansion in the small
parameter € = h/w, c.f. [19].

First we expand all velocitiesin a power seriesin y, with the appropriate vertical symme-
tries, of the form

u = yu1 + y3uz + O(e%),

v =0+ y?v2 + y*va+ O(c®), (27)

w = ywi + ywsz + O(e%),
where all coefficients are general (to-be-determined) functions of z and z. The equations of
motion and free-surface boundary conditions provide connections between these coefficients,

from which we can eliminate all but vq.
Continuity (u, + vy + w, = 0) demands at once that

2 = —U1y — Wiz, (28)
dvg = —ugy — w3z,

and the Stokes eguations (5, 6) demand
pe = py(V2ug + 6uz) + O(£%),
py = —pg + u(V200 + 20v2) + py?(V2vz + 12v4) + O(e%), (29)
p, = py(V2w; + 6ws) + O(e%),
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where the Laplacian V2 involves only z, z derivatives. Hence, the pressure has the expansion

p = —pgy + py (V200 + 2v2) + Fuy* (V202 + 1204) + O(&), (30)
where

Vzvox + 2up, = Vzul + 6ug,

31
V200, + 202, = Vw1 + 6ws. (31)

Cross-differentiation of (31) and use of the continuity equations (28) gives a relationship
connecting the first three coefficients in the expansion of the vertical velocity component,
namely

V4o + 4V205 + 24v, = 0. (32)

If we were to carry further termsin the expansions (27), we would find a similar relationship
between each set of three successive terms, but for the moment (32) will suffice.

Now let us turn to the zero-stress boundary conditions on y = h. Zero tangential stress
(uy + vy = wy + v, = 0) gives

u1 + 3h2u3 + voz + hZUZx + 0(54) =0,

33

w1 + 3hPws + v, + hPvo, + 0(64) =0, (33)
and cross-differentiation of (33) yields

Vzvo — 2up = —hz(vzvz — 127)4) + 0(64). (34

The normal-stress condition (—p + 2uwv, = 0) gives after some manipulation

p,u_g = Vv — 2up + hz(%vzvz — 4ug) + O(<%). (35)
Combining (34) and (35), we haveto leading order

% = —2V%;, + 8u4 (36)
or, using (32) to eliminate vy,

% = —szvz - %VA'UO, (37)

But now we can use the leading-order terms of (34) (i.e. left-hand side equals zero) to
eliminate vy, giving finally

LI Ay, (38)
That is, the first approximation v = vo(z, z) to the vertical velocity satisfies (22).

Concluding remarks

A semi-analytic method has been presented here for determining the initial motion under
gravity of a very viscous material spanning the gap between two vertical no-dip walls. To
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compute the mation and free-surface shape at subsequent times, we used a numerical method
employing finite-element techniques. Thislatter method isreadily used for bridges of arbitrary
initial shape with avariety of initial support methods, so that some flows of a character very
different from that considered in this paper may be computed. For example, we have used the
finite-element code to model extensional flows occurring in drop formation, such as the flow
subsequent to inversion of a spoonful of honey, see [20]. A simple extension of the method
also permits boundary conditions that change as slumping proceeds, and we are using thisin
generalisations of the present paper that allow progressive contact with a mould.
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